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We have studied a (l+2)-dimensional Lorentz-violating model which is obtained from the di- 
mensional reduction of the nonbirefringent sector of the CPT-even electrodynamics of the standard 
model extension (SME). The planar theory contains a gauge sector and a scalar sector which are 
linearly coupled by means of a Lorentz-invariance violating (LIV) vector, £ M , while the kinetic terms 
of both sectors are affected by the components of a Lorentz-violating symmetric tensor, k^ v . The 
energy-momentum tensor reveals that both sectors present energy stability for sufficiently small 
values of the Lorentz-violating parameters. The full dispersion relation equations are exactly deter- 
' mined and analyzed for some special configurations of the LIV backgrounds, showing that the planar 

(3JT). model is entirely nonbirefringent at any order in the LIV parameters. At first order, the gauge and 

^ ' scalar sectors are described by the same dispersion relations. Finally, the equations of motion have 

, been solved in the stationary regime and at first order in the LIV parameters. It is observed that the 

Lorentz-violating parameters do not alter the asymptotical behavior of the electric and magnetic 
, fields but induce an angular dependence which is not present in Maxwell's planar theory. 
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I. INTRODUCTION 



Since the establishment of the special theory of relativity as a true of nature, Lorentz symmetry has been taken 
as a key ingredient of theoretical physics. A motivation for studies involving the violation of Lorentz symmetry is 
the demonstration that string theories may support spontaneous violation of this symmetry with important and 
interesting connections with the physics in the Planck energy scale. The Standard Model Extension (SME) Q has 
arisen as theoretical framework for addressing Lorentz violation (LV) in a broader context than the usual Standard 
\D 1 Model, in an attempt of scrutinizing remanent effects of this violation in several low energy systems. In this way, 
the SME incorporates Lorentz-violating coefficients to all sectors of the standard model and to general relativity, 
representing a suitable tool for investigating Lorentz violation in several distinct respects. 

The violation of Lorentz symmetry in the gauge sector of the SME is governed by a CPT-odd and a CPT-even 
tensor, yielding some unconventional phenomena such as vacuum birefringence and Cherenkov radiation. The LV 
coefficients are usually classified in accordance with the parity and birefringence. The CPT-odd term is represented 
by the Carroll-Field- Jackiw (CFJ) background 0], which is also parity-odd and birefringent. This electrodynamics 
■ has been much investigated, encompassing aspects as diverse as: consistency aspects and modifications induced in 
QED [JQ , sup ersy mmetry Q , vacuum Cherenkov radiation emission 0] , finite-temperature contributions and Planck 
distribution [9j, [l(| , electromagnetic propagation in waveguides llj , Casimir effect 12 1 . 



The CPT-even gauge sector of the SME is represented by the CPT-even tensor, (kF) a gn V , composed of 19 inde- 
pendent coefficients, with nine nonbirefringent and ten birefringent ones. This sector has been studied since 2002 
3, Id | , , , being represented by the following Lagrangian: 



£(i+3) = -\Fp*FV> - \ (k F )^ Xk Ff»F*" - J^, (1) 

where the indices with hat, fi, v, run from to 3, is the four-potential and Ffa> is the usual electromagnetic field 
tensor. The tensor (kp) np^p. stands for the Lorentz-violating coupling and possesses the symmetries of the Riemann 

tensor, (M/yus = ~ (M/jdXa = ~ (foO/uxtf > (M/Htfa = (**)Xft/w ' W« + (M A ak& + (M/yu>A = °> 

and a double null trace, (fej?)'"' p,o = 0. A very useful parametrization for addressing this electrodynamics is the one 
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presented in Refs. 13|, |l4j, in which the nineteen LV components are enclosed in four 3x3 matrices, defined as 



(K DE ) jK = -2(k F ) 0j ° K , ( KHB y K = L e ^e Klm (k F r lm . 



(2) 
(3) 



The matrices kde, khb contain together 11 independent components while kdb, khe possess together 8 components, 
which sums the 19 independent elements of the tensor {k F ) a 



The ten birefringent components are severely 
constrained by astrophysical tests involving high-quality cosmological spec trop olarimetry data, which have yielded 



quality cosmological spec trop olarimetry data, wmcn nave yieic 
[13j,[l4| and 1 part in 10 37 [15|. The nonbircfringent components ; 



stringent upper bounds at the level of 1 part in 10 32 
embraced by the matrices « e _ (six elements) and k 0+ (three elements), and can be constrained by means of laboratory 



tests 



171 ] and the absence of emission of Cherenkov radiation by UHECR (ultrahigh energy cosmic rays) [18j,ll9(. These 



coefficients also undergo restriction at the order of 1 part in 10 17 considering their sub-leading birefringent ro le |2 
This CPT-even sector has also been recently investigated in connection with consistency aspects in Refs. 2ll. |22|. 



Planar theories have been investigated since the beginning of 80's [23[, and have gained much attention due its 
connection with the Chern-Simons theories 24 1. planar superconductivity, anyons and quantum Hall effect [25[, and 
planar vortex configurations [26| . The great importance of these topics has amounted to a great development for the 
planar theories 27 1. 

A CPT-even field theory in (l+2)-dimensions model with Lorentz violation was recentl y at tained by means of the 
dimensional reduction of the CPT-even gauge sector of the Standard Model Extension |28[. The resulting planar 
electrodynamics is composed of a gauge and scalar sectors, both endowed with Lorentz violation, whose planar 
Lagrangian is 



1 



-(1+2) 



(4) 



where Z^ u \ Ki C^a, are LIV tensors which have together 19 components and present the following symmetries: 



(5) 



(6) 
(7) 



//A 



-T, 



(8) 



Some aspects of this model, involving wave equations and dispersion relations, were addressed in Ref. [28[, having 
shown that the pure abelian gauge or electromagnetic sector presents nonbirefringence at any order. The birefringence 
in this model is associated with the elements of the coupling tensor, T^\ K . 

In the present work, we accomplish the dimensional reduction of the nonbircfringent gauge sector of the SME, 
represented by 9 components which can be incorporated in a symmetric and traceless tensor Kop, defined as the 
contraction [29j: Kttp = (k F ) a - & - . The nonbirefringent components of the tensor {k F )^ 0Xk are parametrized as 



which implies 

ikE) (t , %p F^F^ = 2K Pp F % V, 
so that the Lagrangian ((T|) takes on the form 



£(i+3) = - l^F^F^ - 



(9) 



(10) 



(11) 
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Some properties of this nonbircfringent electrodynamics were investigated in Ref. 22|, in which the corresponding 
Feynman gauge propagator was evaluated and some of its consistency properties (causality and unitarity) were ana- 
lyzed. 

In the present work, we perform the dimensional reduction of Lagrangian which produces a nonbircfringent 



planar theory composed of 9 LIV parameters instead of the 19 ones attained in Ref. |28|. In this simpler framework, 
Lorentz violation is controlled only by a rank-2, which modifies the kinetic part of the scalar and gauge sectors, and 
a rank-1 tensor, which couples both sectors. The density of energy was evaluated, revealing that the model presents 
positive-definite energy for small values of the Lorentz-violating parameters. We work out the complete dispersion 
relations of this planar model from the vacuum- vacuum amplitude, showing that all theory is nonbircfringent. Such 
planar model provides a more direct way to analyze consistency aspects associated with the Feynman propagator and 
the effects of the LIV parameters on some planar systems of interest. 

This work is organized as follows. In Sec. II, we accomplish the dimensional reduction of Lagrangian (fTTj) . obtaining 
a planar scalar electrodynamics in which the Lorentz violation is controlled by the symmetric tensor, k mp , the counter- 
part of the original tensor Kpp defined in (1+2) dimensions, and a three- vector denoted as S v . The energy-momentum 
tensor is computed and the density of energy is analyzed. The Sec. Ill is devoted to the analysis of the dispersion 
relation in two situations: considering the complete model and regarding the gauge and scalar sector as decoupled. 
In Sec. IV, we write the corresponding equations of motion and wave equations for the model. The wave equations for 
the gauge and scalar sectors are solved in the stationary regime at first-order in the LIV parameters. In Sec. V, we 
present our Conclusions. 



II. THE DIMENSIONAL REDUCTION PROCEDURE 

In this section, we perform the dimensional reduction of the model represented by Lagrangian pip . There are some 
distinct procedures for accomplishing the dimensional reduction of a theory. In the present case, we adopt the one 
that freezes the third spacial component of the position four-vector and any other four-vector. This is done requiring 
that the physical fields {\} do not depend anymore on this component, that is, d 3 x — 0- Besides this, we split out the 
fourth component of the four- vectors. This procedure is employed in Ref. 0. The electromagnetic four-potential is 
written as 

A* — (12) 

where = <ft is now a scalar field and the Greek indices (without hat) run from to 2, /i = 0, 1, 2. Carrying out 
this prescription for the terms of Lagrangian (|lip . one then obtains: 

= F^F^ - 2d^d»<f>, (13) 

KupF^F'^ = K „pF x »F x P - 2S v F» x d^ + rjdx^cf) - K^d^d"^ (14) 

where we have defined F^ 3 = d^ifi, Fp% = — <9 M 0. Also, we have renamed the set of LIV parameters, they now are 
represented by a second rank tensor k„ p which is the (l+2)-dimensional counterpart of the tensor Kpp, a vector S v 
and a scalar quantity 77 which are defined as 

S u = k„ 3 , V = (15) 
respectively. Thus, after the dimensional reduction procedure we attain the following Lagrangian density: 

A+2 = -\F»vF» v - \n„ P F x V F X " + V]9^<f> + X -K vp d v ^d"<t>+S v F vX d^ - A^ - (16) 

L.EM r 

^scalar 

it is composed of a gauge sector (£em) , a scalar sector (£ scalar) 3 and a coupling sector (C COU piing) ruled by the 
Lorentz-violating vector S y that contains three LIV parameters. The Lorentz-violating symmetric tensor n vp presents 
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six independent coefficients, which modify both the electromagnetic and scalar sectors, altering the dynamics of the 
Maxwell field and yielding a noncanonical kinetic term for the scalar field. The LIV noncanonical kinetic term present 
in the scalar sector has been recently investigated in scenarios involving topological defects in (1+1) dimensions 
[jo^ and acoustic black holes with Lorcntz-violation [3ll ] in (1+2) dimensions. A similar term is also found in the 



Lagrangian of Ref. [28| . The present work provides a possible origin for this kind of term. 

Our planar model (|16|) has ten dimensionless Lorentz- violating parameters contained in the tensors n up , S u and in 
the scalar 77. The traceless condition of the original tensor, k p s = 0, gives one constraint between the K up — components 

koo - Kit =V, ( 17 ) 

so, the model possesses nine independent Lorentz-violating parameters, the same number of the original four- 
dimensional theory. It demonstrates the consistency in the dimensional reduction procedure. 

We define the components of the electric field as E 1 = Foi, the magnetic field by B = — ^ijFij and 6012 = £12 = 1, 
then the Lagrangian (|16[) can be written in terms of fields of the electric and magnetic field in the form: 



£1+2 — Cem + £ scalar ~i~ ^coupling i 

(18) 



where 



1, 1/ s 9 1 

N ~T>2 / 1 \ d2 



Cem = -(1 + kooW - 5(1 - Ka)B A - —KijE t E J + KoiCijEPB, (19) 



^scalar = ^(1 - f?)[(<9 t 0) 2 - (d.^f] + -K 00 (d t <j>) 2 ~ K i 9*00*0 + -«y 3i0<9j0, (20) 



£co« P Mr> 9 = -S°E j djcf> - S*E l d t cf> + tij&djtB. (21) 

The above decomposition allows to determine the parity-properties of the LIV coefficients. In (l+2)-dimension, 
the parity operator acts doing r —»(— %, y ), it changes the fields as A — > A , A — >(— A x , A y ), the E -^(—E x ,E y ), 



(23) 



B — > — For more details, see Ref. [23|. Here, we consider that the field <f> behaves as a scalar, <f> — > <p. Since the 
Lagrangian density is parity-even, we can conclude that the planar model possesses nine independent coefficients, six 
are parity-even (kooi k 02j k 22? So, S2), and three are parity-odd («oi! k 12 , Si). The fact that the components of the 
vector S p transform distinctly is a consequence of the way as the vectors E, B and the field <fi behave under parity. 

An issue that deserves some attention is the energy stability, once it is known that the Lorentz violation yields 
energy instability in some models, as for example, the Carroll-Field- Jackiw electrodynamics jjj. A preliminary analysis 
concerning this point can be performed by means of the energy-momentum tensor for the full planar theory, 

d{d fl Ap) p 0(5^0) 

which is carried out as 

qm* = _ F MP F » p _ K pf>F^pF v p + k^F" p F v p + S^F up d p (t> 

+ S p F pv d p 4> + S p F^d u (t) + (1 - 77) d p 4>d v 4> + n^dp^cj) - g pi/ C. 
We now specialize our evaluation for the density of energy , 

9 00 = ^MjkEjEk + i (1 - Kjj ) B 2 + Ihj.S.ih.o - SjEjd <j> + i (1 + Kjj) (d o 0) 2 + ^N jk dj<j>d k <j>, (24) 
where we have defined the symmetric matrices 

Mjk = (1 + «oo) Sjk - K jk , N jk = (1 - K 00 + k«) <5 3 fc - Kjfc, (25) 

and used 77 = koo — Kjj- We see that the energy density for the electromagnetic and scalar fields, when regarded as 
isolated, are 

®em = \MijEjE h + i (1 - KjJ ) B 2 , (26) 
6™ lar = \ (1 + *Ji) (5o^) 2 + ^-^0^0. (27) 
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Both the gauge and scalar energy densities will be positivc-dchnitc if \njj\ < 1 and the matrices My and are 
positive-definite. As the LV parameters are usually much smaller than the unit, we conclude that the scalar and gauge 
sectors, as regarded separately, are stable. However, the energy positivity of the full model seems to be spoiled by 
the mixing terms, SjEjdgcf) and Be^S jd k <p. In order to have more clarity, we write Eq. (|24[) in the following way 



e 00 = - 

2 
1 

+ - 



f 



Ej - (M- 1 ) Sadocj) M jk [E k - (M _1 ) feo S a d 4>] + - (1 - k u ) 



D 



£jkSjd k 4> 



(1 - Kii) 



l + Kjj -(M- 1 )..S i S j (dot) 2 + 



N jk - 



(S a ) 5jk ~ SjSk 
1 Ka 



7j(pO k (, 



It shows that the energy density is positive-definite whenever the LV parameters are sufficiently small. 



(28) 



III. DISPERSION RELATIONS 

In this section, we compute the dispersion relations of the model described by the Lagrangian density (|T6l) . Our 
approach follows an alternative way by evaluating the vacuum-vacuum amplitude (VVA) of the model. After the 
Hamiltonian analysis, the well-defined vacuum-vacuum amplitude (VVA) for the model, in the generalized Lorentz 
gauge, can be written as 



Z = dot (V 1/2 n) J VA^exp L J dx ^A U D» V A V - ^<t>Bcf> + £FA M J , 
where £ is the gauge- fixing parameter and we have defined the following operators: 



(29) 



= (□ + K pa d p d a ) + (C 1 - 1) + k^D - K^"d p d v - n^dpd^, 



(30) 



□ = (!-?/)□ + K^d^ , r = S"D - S v d v d^. 



(31) 



With the purpose of understanding the dispersion relations of the full model, we first analyze the dispersion relations 
of the gauge and scalar sectors when considered uncoupled. 

A. Uncoupled dispersion relations 

For = the vacuum- vacuum amplitude (|29[) is factored as Z = Za^Z^, where Za^ and Z$ are the vacuum- 
vacuum amplitudes for the pure gauge and pure scalar fields, respectively. 



1. Dispersion relation for the pure gauge field 

The vacuum- vacuum amplitude for the pure gauge field is 

Z Afl = dct (V 1/2 d) J VA u exp^i J dx ^A^D^A^ = det (V 1/2 n) (dctD^) 

with the operator D^ v defined by ff5U|) . By computing the functional determinant, 

det = det (£ _1 D 2 ) det (B) , 

the VVA for the pure gauge field is 

Z Afl = dct (B)- 1/2 , 



(32) 



(33) 



(34) 
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where the operator B in momentum space reads as 

B = a Po + PPa + 7, (35) 

with the coefficients defined as 

a = (1 + «oo)(l + koo - trK) + dct K, K = [k 13 ] , (36) 
P = -2K iQijPj, Qij = [(1 + K o)Sij - mj] , (37) 
7 = (f - trK)[KijPiPj - (1 + k 00 )p 2 ] - fajPiKoj) 2 . (38) 
The dispersion relations for the pure gauge field arc obtained from the condition B = 0, which yields 



_ >•■:,< }.,/', , \/{K M QijP]) 2 - a{\ - trK)\KijPiPj - (1 + k o)p 2 ] + 

Po — ± ■ l-J»j 

a a 

It is easy to show that this relation implies nonbirefringence at any order in the LIV parameters, once it yields the 



same phase velocity for the left and right modes traveling at the same sense. For similar situations, see Ref. [28|. At 
first order, it is given by 

po = KoiPi ± IpI ( i - ^oo - ^r-) ■ (40) 



2 2p 2 

The gauge dispersion relation (|39|) can specialized for some particular cases. For Kij — 0, KQj — 0, the Lorentz- 
violating coefficients are represented by the parity-even element kqq and the Eq.(|39|) yields the relation 



Po = ± /2 , (41) 

(f + K 0) i/2 

which is the isotropic parity-even dispersion relation. Adopting koo = 0, KQj = 0, wc achieve the anisotropic dispersion 
relation, 



po = ±^0 IpI V i - KijPiPj/p 2 , (42) 



where Ao = y(I — trK) /(l — trK + dct K). This relation involves parity-even and parity-odd coefficients. 
For = 0, kqo = 0, we attain other anisotropic dispersion relation, 



i ± |p| ^i + (k 0i ) 2 . (43) 



PO = KOiP: 

The energy-momentum tensor of the pure gauge field shows that the electromagnetic sector represents a stable 
theory. The relations (|41I42I43[) . however, could anticipate a noncausal electrodynamics for some values of the LIV 
coefficients. The spoil of causality may be inferred from the evaluation of the group velocity (u g = dp /d |p|) associated 
with each dispersion relation. 

2. Dispersion relation of the pure scalar sector 

In the same way, the vacuum- vacuum amplitude for the uncoupled scalar field is 

Z = y"x>0cxp j-^y cfa^B^j = (detB)~ 1/2 , (44) 

with the operator B defined in Eq. pip . In the momentum space it is read as 

n = (l-r,)p 2 + K^p pPa . (45) 
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The dispersion relation of the scalar field arc computed by the condition □ = 0, taking into account the relation (|17l) . 
which provides the following equation for pq: 

(1 + trK) pi - 2 (K 0i pi) po - (1 - koo + trK) p 2 + n^pipj = 0, (46) 

whose roots are 



K 0i pi ± \J (K 0l pif + (1 + trK) [(1 - k 00 + trK) p 2 - ~KijPiPj] 



(47) 



where A = [1 + trK] . This is a nonbircfringent relation at any order in LIV parameters. At first order such relation 
is given by 

1 KijPiPj 



Po = ™±|p|(l-^oo- : TF)' 



which is exactly the first-order gauge dispersion relation given in Eq. (|40|) . Although the exact dispersion relations 
of the scalar and gauge sectors, (|51)|) and (|4"T|) . are clearly different, at first order in the LIV parameters both sectors 
are governed by the same dispersion relation. A direct analysis of the relation (|4"T|) indicates that the scalar sector 
can support noncausal modes, similarly as it occurs in the gauge sector. 

B. Full dispersion relations 

In order to examine the complete dispersion relations, we evaluate the vacuum- vacuum amplitude ([29| considering 
the presence of the coupling vector, S^. We first integrate the <j>— field, obtaining 



Z = dot (V 1/2 n) dct (Hr 1/2 J VA^ cxp ji J dx ^ApWAv 



(49) 



where the operator W is defined as 



r i/ = + ±J-. (50) 

□ 



By integrating the gauge field, we achieve 

z = dct (r 1/2 n) dct (ny 1/2 dct {w v y 1/2 , (51) 

which can be rewritten as 

z = dct (c 1/2 n) dct (□) dct (bd^ + rry 1 ' 2 . (52) 

We now compute the functional determinant of the term (DD^ + JJ^JJ^), 

det (BD" V + n v ) = dct (r 1/2 n) 2 dct (H) 2 det (®) , (53) 



which replaced in Eq. (|52|) leads to the simpler result 

Z = dct{®y 1/2 . (54) 

In the momentum space the operator ® is represented by ® (p) and the dispersion relations for the full model are 
obtained from the equation ® (p) = 0. In our case, we have the exact equation for the dispersion relations, 

<§ (p) = a 4 (p ) 4 + a 3 (po) 3 + a 2 (pof + a x p Q + a = 0, (55) 
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with Ofc (k — 0, 1, 2, 3, 4, ) being functions of the LIV parameters having the following structure 

(24 = 1 + cS 4 



a - n {1) +« (2) -4-„ (3) 

a 3 — a 3 + a 3 + a 3 , 



a 2 



-2p 2 + a 



(i) 



,(2) 



,(3) 



n - „W -4- «( 2 ) 4- 



a 



4 , (1) , (2) . (3) 

p 4 +a\' +a\' + a \ 



(56) 
(57) 
(58) 
(59) 
(60) 



where ajf 1 (n = 1,2,3) represents the contribution to nth order in the LIV parameters to the coefficient at, whose 
explicit expressions are given in the appendix A. Below we present some configurations of the LIV parameters which 
allow to factorize and solve exactly the full dispersion relation equation given in Eq. (1551) . 

We first analyze the pure contribution of the coupling vector S M to the dispersion relations of the scalar and gauge 
fields. For this purpose, we set k^ v = in the full vacuum- vacuum amplitude ([54]) , obtaining 

Z = dct {Dy 1/2 dot [(1 + S 2 ) □ - {S ■ df] ~ 1/2 . (61) 
It describes two bosonic degrees of freedom; a first one is a gauge field governed by the usual dispersion relation, 

Po = ± |p| , (62) 
while the second one describes a massless scalar field 



. so(s-p) yp 2 (i + s 2 ) (i - s 2 ) + (s ■ p) 2 (i - s2) + (So) 2 (s ■ p) 2 

(P0)± — j _ g 2 ± 1 - S 2 ' 

which also is compatible with absence of birefringence. At leading-order the above dispersion relation reads as 

(po) ± = S (S • p) ± |p| M + \ (S ) 2 + l^-f-] , 



(63) 



(64) 



showing that the contributions of the vector S^ to the dispersion relations only begin at second order. 

The second case corresponds to the general isotropic dispersion relation, provided by fixing mj = 0, Koi = and 
Si =0. The partition function ([54]) factorizes as 



Z = dct [(1 + Ko0 ) □ + K 00 V 2 ] 1/2 dct [(1 + koo) □ - {(So) 2 - (M 2 ~ «oo} V 5 
describing two bosonic degree of freedom supporting the following dispersion relations: 



-1/2 



Pa = ± 



V 1 + K oo ' 



(65) 



(66) 



po = ± |p| 



'l-( Ko o) 2 + (S ) 2 



1 + Koo 



(67) 



The relation (j55[) describes the gauge field, while the relation ([57]) is associated to the massless scalar field. This 
association comes from Eqs. (|39[) and (|47p. when properly written for the pure isotropic coefficient, koo- 

A third case is obtained by considering Koi and So as non-null, which provides the following vacuum-vacuum 
amplitude 



Z = dot [□ — 2K idid ] X ^ 2 dot 



□ - 2k 



{(S ) 2 + (fco,) 2 } 



-1/2 



(68) 
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The first operator □ — 2noidido describes the dispersion relation of a massless scalar degree of freedom 



Po = KoiPi ± |p| \ 1 



(«0iPi) 



(69) 



while the operator □ — 2noidido — (So) + (koi) V 2 gives the dispersion relations of the gauge field, 



Po 



K 0i pi ± |p| \Jl + (k i) 2 + (s y 



(70) 

The specialization of the exact relations (|39| and ((47]) for the coefficients Koi is the element that allows to define what 
is the scalar and the gauge field dispersion relation. 

A more complicate case which also provides exact dispersion relations is obtained by considering as non-null koo 
and Si, yielding 



> (p) = a 4 (po) 4 - a 2 (po f + a = 0, 



with 



04 = (1 + «oo) (l + «oo - S 2 ) , 

a 2 = p 2 (1 + k 00 ) [2 - (k 00 ) 2 - 2S 2 ] + (1 + 2k 00 ) (S • p) 
a Q = p 4 (1 + koo) (1 - koo - S 2 ) + p 2 (1 + k 00 ) (S • p) 2 . 
It gives the dispersion relation for the gauge field 



and the following one for the massless scalar 



± 



0-2 + V (a-2) - 40400 

2 04 



V? = ± 



a 2 — J (a 2 ) 2 — 4a4a 



2 04 



Both dispersion relations can expressed at second order in the LIV coefficients, yielding 



po = ± |p| 1 1 - ^koo 



where 



Po = ± |p| I 1 - 2 K oo 



A^=p 2 ( K0 o) 2 + 2(S-p) 2 , 



~&P 2 J' 

, ^ 2 )+2VsW\ 



8p 2 



= p 4 ( K00 ) 4 + 4p 4 (^oo) 2 S 2 - 6p 2 ( K00 ) 2 (S • p) 2 + (S • p) 



(71) 

(72) 
(73) 
(74) 

(75) 

(76) 

(77) 
(78) 

(79) 
(80) 



Here, it is important to highlight that at first-order in the LIV backgrounds the dispersion relations (|77I78[) arc 
the same one, confirming the results of the previous subsections: at first order the scalar and the gauge sectors are 
governed by the same dispersion relations. 

For arbitrary configurations of the LIV backgrounds, it is convenient to compute the roots of the dispersion relations 
(|55p in a perturbative way. At first order in the LIV parameters, we obtain 



Po 



1 1 KijPiPj 

KoiPi ± |p| ( 1 - -Koo - 9 2 



n) 



for the dispersion relations of the gauge and massless scalar fields. This is the same expression of Eqs. (14TJ1 |4"H1) . 
confirming our previous computations. We thus verify that the all the dispersion relations of this planar model are 
free from the influence of the vector S^ at first-order in the LIV parameters. 
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IV. EQUATIONS OF MOTION AND STATIONARY SOLUTIONS 



The classical behavior of this theory is governed by the equations of motion stemming from the Eulcr-Lagrangc 
equations, that is 

d a F afi + K 0p d a F a p - K ap d a F\ + S p n<f> - S a d a dP<t> = J 73 , (82) 
[1 - r)\n<j> + n ap d a d p (t> + S„d a F ua = -J. (83) 
In terms of the gauge potential and by using the Lorentz gauge, d ■ A = 0, these equations are written as 

[ng pp + U^p + g^K^dadv - K pa d a d^]A p + [S^D - S a d a d p ] </> = J* 3 , (84) 

[{l-r])U + K a Pd a d p ]4> + S v UA v = -J. (85) 
The modified Maxwell equations stems from Eg. (|8"2"j) lead to the altered forms for the Gauss's and Ampere's laws, 

(1 + Ko o) &E 1 + e ji K 0j diB - /,•,,,;,/•;•• - 5 O V 2 - S'dAcp = p, (86) 



(87) 



(e 13 - K U e lj - Kjl e a ) d 3 B + Koie il d B - 3 E l + n tl d E l - maBjBP 

+K ja d 3 E l - S l V 2 4> + S l dl4> - S* njyo - S°d d l <p = J\ 

while the scalar sector evolves in accordance with 

[1 - V + Koo]d?4> - [1 - j]]V 2 <p + K lj d l d 3 4> + 2K 0j d Q d j( f> - S^E 1 + S l d E i - <, J S,i),l! = -J. 

In order to solve this electrodynamics, Eqs. ([83l l86l [87]) should be considered jointly with the Faraday's law, 

d t B + V x E = 0. (89) 

which comes from the tensor form of Bianchi identity, d^F^* = 0. Here, FP* = \& lia F va is the the dual of the 
electromagnetic field tensor in (1 + 2)— dimensions. 

At first order in LIV parameters, the solutions of the equations of motion (|84)) and (|85|) are 



A If _ a/3 Bgd/3 

P ~ □ ' ^PP g P pK 



□ 



1 



■ dad. 



] Jp + -^{s,-s° ^ ) 



1 



1 + 7] - K' 



□ 



J+ U S P J". 



The pure Green's functions for the gauge and the scalar fields read 



G w (x -x') = 



9 k mp 9^p K 



□ 



^pa 



d a d p 
□ 



5 (x — x') , 



G M (x-x>) = Us,-S°^) 



G (x — x') = — 



1 + T] - K 



□ 



5 (x — x) , 



(90) 
(91) 

(92) 
(93) 
(94) 



respectively, where x = (x , r). The above equations show the both sources J M and J can be generate electromagnetic 
phenomena. 
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A. Static solutions for the pure gauge field 

The stationary solution for the gauge field in (|90|) can be expressed as 

A„ (r) = J dv'G^p (r - r') J p (r') + J dr'G^ (r - r') J (r') , 

where G MP (r — r') is the stationary Green's function whose components obtained from (ji?2")) arc 

1 ah RaRb 



(95) 



= ~ ( 1 - «00 + ^aa ) lni? - ^K ab 



4tt R 2 



Goi(R) = —KoilnR , Gio (R) = — Koiln-R ~ ^~ K oa ° 9 ' , 

Z7T 47T 47T -rt z 



(96) 



G tJ (R) 



1 






1 


2^ 






H Ki'i 

2 J 



, r, , 1 r -Ra-Rfc 1 R a Ri 

lnR+ -7-0 l3 K ah —- — K ja 

47T J R 2 47T J R? 



and G M (r — r') is the Green's functions describing the contribution of the scalar source J to the electromagnetic field 
given by 



Go (R) = ~S )nR , G j; (R) = ~Si In R + ^-S a ^^, 

Z7T 4-7T 47T R z 



(97) 



where we have denoted R = r — r' . 

The non-diagonal Green's function components reveal that charges yield electric and magnetic fields, as well as 
currents do. We now compute the electric and magnetic fields for some special configurations of charge and current 
densities. In accordance with Eq. (|95"T) . the scalar and vector potentials are 



\ K aa^j J dr' p(r') ln|r-r'| ~ ^~. K ab j dr 



b p{r') 



(v-v'Y 



(98) 



and 



+ h KQa J dr ' ja ( r ')ln|r-r'| - i-5 / dr'J (r')ln|r — r'| 

(r-r') (r-r'). 



= -L^ / dr' p(r') ln|r-r'| - £ KQa / dr' ^ 



1 

47T~ 



r - r' 



1 

2^ 



/" dr' J 6 (r')ln|r-r'| 



(99) 



-in 



>-r') Q (r-r') 6 



r - r' 



— JC ( r ') - ^ K -b j dv' ^ ~-l^_12± jb (r ') 



/ (r-r') a (r-r') j 



r - r' 



If If (r - r')„ (r - r'). 

--S 3 j dr'J(r')ln|r-r'| + -S a j d A JlL, >> J { r>), 

respectively. 

For a pointlike static charge distribution, p(r') = qS(r') [Jj (r') = = J (r')] , the scalar potential and the potential 
vector are 



A. (r) = - 



2- 



i , 1 ^ i i 1 raTb 

1- KOO + ~K aa In 7- + -Kab 



A 3 ( r ) = T~ \ K °i mr _ K 0a- 



(100) 
(101) 
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respectively. The solution (|100[) differs from the usual scalar potential generated by a pointlike charge in (1+2) 
dimensions mainly by the term K ab r a ri,/r 2 , which yields an anisotropic behavior for it. The electric field produced by 
the pointlikc charge is, 



, , 1 \ n r b r a r b 

1 - Koo + -K aa ) ^2 Klb ^2 ~ Kab ~^A~ Ti 



(102) 



which in addition to its radial behavior r" 1 presents anisotropics, due to the two last terms K^r^/V 2 and i^ab T a T b v il vA \ 
produced by the LIV backgrounds but these Lorentz-violating corrections do not modify the global asymptotic be- 
havior of the electric field in (1+2) dimensions: it remains decaying as 1/r. 

From the potential vector (jlOip we compute the associated magnetic field produced by a pointlike charge, 



B(r) = ± e ..^£l 



(103) 



Here, we observe that the LIV parameter «oi engenders an anisotropic magnetic field whose asymptotic behavior goes 
as r _1 . It can be used to impose an upper-bound for the kqi coefficients by using the experimental data concerning 
the two-dimensional physics. 

For a pointlike charge with velocity u, J l (r') = qS(r')u l , [p(r') = = J(r')], the scalar potential is 



A (r) = - — K 0a u a \nr 

Z7T 



while the vector potential is 



1 + T^-aa , 



1 

— Kj a U a 



, Q r a r b q \ 

47T 



The respective electric and magnetic field are 



Ei(r) 



q n 



B(v) 



2n 







[(- 









2tt 



rannuj 



3riU a - r a Ui 



(104) 
(105) 

(106) 
(107) 



In this model a pointlike scalar source, J(r') = q s S(r'), [p(r') = = J t (r')], also generates electromagnetic phe- 
nomena whose scalar and vector potentials are given by 



A,(r) = -^S lnr, ^ (r) = -^Inr + ^S a - ^ 
leading to the following electric and magnetic field solutions: 

^« = -^ -, B(r) = - £ij ._ . 



(108) 



(109) 



B. Static solutions for the pure scalar field 
From (|9"Tj) , the stationary solution for the scalar field in can be expressed as 

4> (r) = J dv'G (r - r') J (r') - ^-S„ J dr' J^(r') In |r - r'| 
where G (r — r') is the stationary scalar Green's function obtained from Eq. (|94|) . we attain 

G(R) = i- (l + „ + i«J In R + ^ab^. 



(110) 



(111) 
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The scalar field generated by a pointlike scalar source, J(r') = q s 6(r'), is 



0(p) 



2- 



1 + »7 + 7T K aa lnr + -K 



1 r.T, 



2 13 r 2 



(112) 



We thus confirm that scalar field presents a very similar behavior to the one of the scalar potential, given by Eq. 

Similarly, the scalar field produced by a pointlike charge scalar source, p(r') = qS(r'), and a pointlike charge with 
constant velocity u, J l (r') = q(5(r')u 4 , are 



,(r) 



respectively, showing similar radial behavior. 



~S hir , 0(r) = ^-SjUjlnr, 

Z7T Z7T 



(113) 



V. CONCLUSIONS 

In this work, we have performed the dimensional reduction of the nonbircff ingcnt CPT-even electrodynamics of 
the standard model extension. Such procedure generates a planar Lorentz-violating electrodynamics composed of a 
gauge field and a scalar field linearly coupled by a LIV 3-vector S' M . Both fields have kinetic terms modified by the 
Lorentz violating symmetric tensor, n vp . This planar model possesses nine i ndep endent LV components including 



six parity-even and three parity-odd, being more simpler than the one of Ref . 28[ , in which the Lorentz-violation is 
governed by 19 parameters (see Lagrangian (JTj)). 

The evaluation of the energy-momentum tensor has shown that the density of energy of the full theory can be 
positive definite whenever the LV parameters are sufficiently small. This indicates that the full theory is endowed 
with energy stability. The same conclusion is valid for both the pure gauge and the pure scalar sectors. A complete 
study on the dispersion relations was performed. Initially, we have evaluated the dispersion relations of the gauge and 
scalar sector (regarded as uncoupled) from the vacuum-vacuum amplitude, revealing that, at first order, these two 
fields are described by the same dispersion relations. After, we have carried out the full dispersion relations, which 
were exactly computed for some special combinations of the LIV parameters. The coupling vector S 7 ' contributes 
only at second order for the dispersion relations. All the expressions confirm that the planar model is nonbircfringent 
at any order, whereas the original (l+3)-dimensional model is nonbircfringent only at leading order. From these 
relations we also conclude the gauge and scalar sector are stable, but endowed with causality illness. A more careful 
analysis about the physical consistency of this model (stability, causality, unitarity) is under progress. 

We have established the wave equations for the gauge and scalar field and we have achieved their stationary 
solutions, via the Green's function technique, at first-order in the LIV coefficients. The Lorentz-violating terms induce 
an anisotropic character to these stationary solutions which now exhibit an explicit angular dependence. However, 
the LIV coefficients do not modify the long distance profile of the solutions, keeping the r^ 1 asymptotic behavior of 
the pure Maxwell planar electrodynamics (a fact compatible with dimensionlcss nature of the LIV coefficients). The 
scalar and vector potential generated by a pointlike scalar charge were carried out as well, showing that it generates 
electromagnetic fields. An analogous calculation was accomplished for the scalar sector, demonstrating that it obeys 
stationary solutions similar to the ones of the scalar potential Aq. 

This kind of theoretical framework can find applications in usual planar systems, such as vortex and Hall systems. 
At moment, we are particulary interested in analyzing effects of LIV coefficients in stable vortex configurations, having 
already verified that the gauge sector represented by Lagrangian Cem, when properly coupled to the Higgs sector 
endowed with a fourth-order self-interacting potential, supports BPS (Bogomol'nyi, Prasad, Sommcrfeld) solutions. 
Advances will be reported elsewhere. 
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(A8) 



Appendix A: The ajj, coefficients 

4 1} = 2k oo, (Al) 
4 2) = (^oo) 2 + fc 00 tr( K .y)-S 2 -[tr( K „-)] 2 +dct( K y), K = [«*,-] , (A2) 
af = -KooS 2 - Koo (tr/iy) 2 - Hi 3 S t Sj + {k Q0 ) 2 + (dctK) + S 2 tr (k^) . (A3) 

4 X) =-4(«oiPi), (A4) 
= 25 (S • p) + 2 (noiKijPj) - 6k 00 (K 0i pi) , (A5) 

(3) 2 

a£ = -2 («oo) (KoiPi) + 2 (S • p) [fcooS'o - So (trK) + (SjK j)] + 2S (KijSiPj) + 2 (« io «oa) {n ih p b ) (A6) 
4 1} = 2 (KijPiPj) - 2fc 00 p 2 , (A7) 

4 = ( K Oo) P + 2«00 {tiaK-abtbjPiPj) ~ (So) P + (Si) P + (CijSiPj) 

+ 4 (KoiPi) 2 - (eijKoiPj) 2 + (^ 2 ) tj PiPj - 2 (eiaKabtbjPiPj) (trK) , 

f3) 3 2 2 r 2 ~1 2 2 22 

<4 = (kqo) p - (koo) [2p (trK) - Kjj-piPjJ + koo ^(^ijSiPj) - K ia K a jPiPj + 4(K iPi) + 2 (trK) p 

~ ^00 (5*o) 2 P 2 ~ (Sof (eiaKabCbjPiPj) ™ 2S [(«OiPi) (SjPj) + P 2 (KOiSi)] + p 2 (eiaHab£bjS l S ] ) (A9) 

- (Sfc) 2 (KijPiPj) - 2 (K 0a p a ) (KQiKijPj) - (K fc) 2 (KijPiPj) - P 2 (K0iKijK 0:j ) - (K 3 ) „ PiPj 

- 2p 2 (trK) det (K) . 

= 4p 2 (KoiPi) (A10) 
= 2p [k 00 («oiPi) - («Oi«yPj) ~ S (S&i)] - 4 (n na p a ) (n^PiPj) , (All) 

ffli = -2p 2 («oo) 2 («oiPt) - 2k o {(-la^ajPiPj) (ebcKobPc) + 2p 2 (So) 2 (reoiPt) + 25 (S,^) (n^PiPj) 

- 2p 2 5 (eiaKabCbjStPj) + 2 (KijPiPj) (KijKoi Pi) - 2p 2 (5<ft) + 2 (S lPl ) 2 (nojpj) (A12) 
+ 2 (trK) (<L la K, a jPiPj) (tbcKObPc) + 2 (KQiPi) (tbcKQbPc) 2 ■ 

4 = ~2p 2 (K lj p l p 3 ) , 

4 2) - - («oo) 2 P 4 + P 4 «oo (trK) + (So) 2 P 4 - P 4 (trK) 2 - p 2 (e tJ S lPj ) 2 

(A13) 

+ p 2 {tijUotPj) 2 + (k^p^) 2 + p 2 (trK) (KijPiPj) , 

a 3) = P 4 ( K oo) 2 (trK) - p 2 K 00 p 2 (trK) 2 + (e lj S. l p :j ) 2 + (eijKoiPjf - p 4 (S ) 2 (trK) + (KijPiPj) (e lJ S l p j ) 2 

(A14) 

+ 2S (eijSiPj) (eijKoiPj) - (KijPiPj - p 2 trK) (e, ;j ;K iPj) - (KyPiPj) (KijPiPj - p 2 trK) (trK) . 
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